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Abstract 



Let n be a smooth bounded simply connected domain in IR^. We inves- 
tigate the existence of critical points of the energy Ei^iu) = 1/2 |Vw|^ + 
• l/(4e^) J^(l - \u\^)^, where the complex map u has modulus one and pre- 

J3 . scribed degree d on the boundary. Under suitable nondegeneracy as- 

sumptions on f2, we prove existence of critical points for small e. More 
can be said when the prescribed degree equals one. First, we obtain ex- 
CN . istence of critical points in domains close to a disc. Next, we prove that 

I critical points exist in "most" of the domains. 

in 

^ 1 Introduction 

(N 

^ ! Let n c IR^ be a smooth bounded simply connected domain. Let a map u belong 

to the space 



S:={ueH^{n,C);\tr u\ = l}.. 



o3 . where tr u denotes the trace of u on the boundary dCl. Then the trace tr u 

of u on dD. belongs to the space H^^^idD,;S^), and therefore we can define its 
winding number or degree, which we denote by deg{u,dD.) (see [10, Appendix]; 
see also [5, Section 2] for more details). This allows us to define the class 

<gd = {u£H^in;C); \tr u\ = 1, degiu,dn) = d} . 
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In this paper we study the existence of critical points of in Sd, i.e., of critical 
points with prescribed degree d. More specifically, we are interested in non 
trivial critical points, that is critical points which are not constants of modulus 
one. 

The prescribed degree boundary condition is an intermediate model be- 
tween the Dirichlet and the Neumann boundary conditions. The asymptotic of 
minimizers of the Ginzburg-Landau energy Eg with Dirichlet boundary condi- 
tion was first studied by Bethuel, Brezis and Helein in their classical work [8]. 
In particular, it was shown in [8] that minimizers have zeros "well-inside" 
D., and that these zeros approach the singularities (vortices) of the limit u* 
of the Ue's as e ^ 0. In contrast, the only minimizers of Eg with no bound- 
ary condition are constants. The same holds even for stable critical points of 
Ei: with Neumann boundary conditions [17]. The analysis of the prescribed 
degrees boundary condition (in domains which may be multiply connected) 
leads to a richer global picture [2], [13], [4], [3], [6], [11], [5]. More specifi- 
cally, in multiply connected domains minimizers of Eg may exist [13], [4] or 
not [3]. However, in such domains critical points of E^ always exist [6], [11]. 
In simply connected domains, minimizers never exist [4]. More involved is 
the study of the existence of critical points in simply connected domains; this 
is our purpose. Typical methods in absence of absolute minimizers consist in 
constructing local minimizers, or in constructing critical points by minimax 
methods. Construction of local minimizers proved to be successful in multi- 
ply connected domains [6], but the arguments there do not adapt to our case. 
Minimax techniques led in [5] to the proof of the existence of critical points in 
simply connected domains for large e, but again these techniques do not seem 
to work for small e. 

The present paper is devoted to the existence of critical points for small 
e and thus complements [5]. Our approach relies on singular perturbations 
techniques, in the spirit of Pacard and Riviere [15]. We explain this approach 
in the special case where the prescribed degree is d = 1. We first recall the 
main result in [8]. Consider the minimization of E^ with Dirichlet boundary 
condition: 

min{E giu); tr m = ^ on dD.}. 

Here, g : dD. is smooth, and we assume that degig,dD.) = 1. Then there 
exists some a e D. such that, possibly up to a subsequence, minimizers 
satisfy u*, with 

u*(2) = u* a giz) = e''^ , with H = Ha e harmonic. (1.1) 

' \z-a\ 

In (1.1), the function H is uniquely determined (mod In) by the condition 

u* = ^ on 5Q. (1.2) 

The point a is not arbitrary: it has to be a critical point (actually, a point of 
minimum) of the "renormalized energy" W(-,^) associated with g. 
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In order to explain our main results in the case of prescribed degree bound- 
ary condition, we perform a handwaving analysis of our problem when d = 1. 
Assume that is a critical point of Ei- in Si. Then has to vanish at some 
point a^, and up to a subsequence we have either 

(i) ^ a G n 
or 

(ii) tte ^ a £ dCl. 

Assume that (i) holds. Assume further, for the purpose of our discussion, that 

tte is the only zero of Ug. Then the analysis in [8] suggests that the limit u* of 

z — ct 

the Us's should be again of the form u*iz) = e'^. Formally, the fact that 

\z-a\ 

Ui: is a critical point of Ei; leads, as in [8], to the conclusion that the limiting 
point a is a critical point of a suitable renormalized energy W(-). Some basic 
properties of the energy W are studied in [14]; we will come back to this in 
Section 2. Of interest to us is the fact that W is smooth and does have critical 
points. 

Let a be a critical point ofW, and let m* be as in (1.1)-(1.2). We plan to con- 
struct critical points of £Je in Si such that ^ as £ ^ 0. Our approach 
is inspired by the one of Pacard and Riviere [15]. In [15], critical points of E^ 
with Dirichlet boundary condition g are constructed under a nondegeneracy 
assumption for the corresponding renormalized energy Wi-,g). We encounter 
a similar situation in our problem: we are able to construct critical points of 
J^e under some nondegeneracy assumptions that we explain below. 

To start with, we will see in Section 2 that we may associate with each 
point a £ O a natural boundary datum solution of the minimization prob- 
lem 

min{W(a,^);^ : dQ - s\ deg(^,an) = 1}. 

It turns out that, if a is a critical point of W, then a is also a critical point 
of W(-,g"') (Section 2). Since W has a global maximum (Section 11), W has 
critical points, and thus there exists some a £ O critical point of W(-,^°). Our 
first nondegeneracy assumption is 

(NDl) there exists some a £ Q nondegenerate critical point of W(-,^"). 

Assuming that (NDl) holds, set '■= Then we may prove that, for each 
g "close" to ^0 in a suitable sense, W(-,g) has a critical point a(g) close to a 
(Section 5). Thus, to such g £ C^'Hdn;§,^) we may associate the function 

TAg)eCf^(dn;m, TAg):=u,A^, 

av 

where i/* = Ui,^a{g),g is given by (1.1)-(1.2). One may prove that the map g ^ 
T^ig) is near go, and that its differential L at is a Fredholm operator of 
index one (Section 10). Our second nondegeneracy assumption is 

(ND2) L is onto. 
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We may now state our first result. 

1.1 Theorem. Assume that (NDl) and (ND2) hold. Then, for small e, Eg has 
critical points Ue with prescribed degree one. 

A similar result holds for an arbitrary prescribed degree d. 

The conditions (NDl) and (ND2) seem to be "generic".^ However, it is not 
clear whether the assumptions (NDl) and (ND2) are ever satisfied. Therefore, 
our next task is to exhibit nondegeneracy situations. 

Loose Theorem. Assume that d - 1 and that D. is "close" to a disc. Then 
(NDl) and (ND2) hold. In particular, for small e, has critical points of 
prescribed degree 1. 

The above theorem applies to the unit disc D. However, no sophisticated ar- 
gument is needed for a disc. Indeed, when C2 = P it is possible to construct 

explicit hedgehog type critical points of E^ by minimizing E^ in the class of 

z 

the maps of the form f{\z\) — . 

\z\ 

Concerning the existence of critical points of in arbitrary domains, we 
do not know whether (NDl) and (ND2) do always hold. However, we have the 
following result. 

Loose Theorem. Assume that d = 1. Then every VL can be approximated with 
domains satisfying (ND1)-(ND2). 

Our paper contains the proof of the three above theorems, as well as gen- 
eralizations to higher degrees d and a discussion about the "generic" nature of 
our results. The plan of the paper is the following. In Section 2, we recall the 
definition and the main properties of the renormalized energies corresponding 
to either Dirichlet or prescribed degree boundary condition, and establish few 
new properties. In Sections 3 and 4, we derive new useful formulas for the 
renormalized energies. In Section 5, we prove that nondegeneracy of critical 
points of W(-,^) is stable with respect to small perturbations of g. Section 6 is 
devoted to the proof of a variant of the Pacard-Riviere [15] construction of crit- 
ical points with Dirichlet condition; this is a key step in our proof We prove 
Theorem 1.1 (for arbitrary degrees d) in Section 8. The proof relies on a Leray- 
Schauder degree argument, and the corresponding key estimate is obtained in 
Section 7. In Section 9, we prove that the couple of conditions (ND1)-(ND2) 
is stable with respect to small perturbations of the domain. This and the fact 
that Q = D satisfies (ND1)-(ND2) (Section 10) implies (a rigorous form of) the 
first Loose Theorem. We finally discuss in Section 11 the "generic" nature of 
our results, and establish (a rigorous form of) the second Loose Theorem. 

^Critical points of smooth functionals are "generically" nondegenerate, and Fredholm op- 
erators of index one are "generically" onto. 
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Notation 

1. Points in IR^ are denoted z in the Sections 3 and 4 relying on complex 
analysis techniques, and x or y elsewhere. 

2. D(0,r), and C(z,r) denote respectively the open disc, the closed 
disc and the circle of center z and radius r. We let D = D(0, 1) denote the 
unit disc and set = D(0,r). S-*^ is the unit circle. 

3. A stands for the vector product of complex numbers or vectors. Ex- 
amples: {Ui + IU2) A {V\ + IV2) - U\V2 - U2V1, (Ui + IU2) A (Vui + 1VV2) - 

uiVv2 - U2^v\, (Vi/i + iVz/2) A (Vi;i + iVfa) - Vz/i • Vv2 - V1/2 • Vui. 

4. If A is a set and k an integer, then we let 

Al^{a^{ai,...,ak)^A^;aj^ai, V7 ^ I}. 

5. When ^ = 1, we identify a collection a = (ai) with (the point or number) 
ai. 

6. Additional indices emphasize the dependence of objects on variables. 
E.g.: y/a = i^a,g recalls that 1// depends not only on a, but also on g. 
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2 Renormalized energies and canonical maps 

In the first part of this section, we follow [8] and [14]. 

We fix ^ e N and a collection d = idi,.. .,dk) £ Z^, and we let d := di-\ \-dk. 

The bounded domain Q c IR^ is assumed to be simply connected and C^'^. 
We consider a collection of mutually distinct points in O, a = (ai, . . .,ak) £ 
(the prescribed singularities), and also a boundary datum g e if^''^(3Q;§^), 

of degree d. 

For small p > 0, we define the open set Op = n\\J^^-^\[i{aj,p), and the 
classes of functions 

^p^g = {veHHnp;S^y, trv=g, deg(v,C(aj,p)) = dj} , (2.1) 
^p = {ve HHnpiS^); deg{v,dn) = d, deg{v,C{aj, p)) = dj} . (2.2) 

The functions in these classes have prescribed winding number dj around 
each aj, and prescribed boundary condition g (respectively prescribed degree 
d) on 50. Of course, although we do not make this dependence explicit, the 
above classes depend not only on p and g, but also on a. 

In [8] and [14], minimization of the Dirichlet energy 1/2 / |Vi;|2 over these 
spaces is studied, and the following asymptotic expansions are obtained as 
p-0: 



inf^ - 



inf^ - 



^ |Vi;|2;i;e^p,^| = 7r||;rf|Jlog^ + W(a,^) + 0(p), (2.3) 
J \Vv\^;ve^p^^7ilj^dj^log^ + W{a) + 0{p). (2.4) 



In the above expressions, W(a,g) and W(a) are the so-called renormalized 
energies. These quantities depend not only on a and g, but also on d and O. 

Explicit formulae for the above renormalized energies can be found in [8] 
and [14], and involve the functions (^a,g and Oa defined as follows. ^a,g is the 
unique solution of 

' A^a,g^2nZ%idjdaj inQ 
d^a,g ^ dg 

-gA— ondn^ (2.5) 






Ida. 



while is the unique solution of 

(2.6) 



\A^a = 2nZ%idj6aj inn 
0„ = on dn 
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For further use, let us note that, if a £ S-"^, then (^a,g = ^a,ag- Therefore, we 
may naturally define ^a,g when g is an equivalence class in H-^^'^idD.;S-^)/S^ . 
We also define the regular parts Ra,g and Ra of ^a,g and as follows: 

k 

Ra,gix) = ^a,gix)-Y.djiog\x-aj\, yxen, (2.7) 

7 = 1 

respectively 

^ ^ k 

Raix)-^aix)-Y,djlog\x-aj\, yxeD,. (2.8) 

7 = 1 

The expressions of W and W are 

1 f ( dg\ ^ 

W{a,g) = -nY,djdi\og\aj-ai\ + - / ^a,g g ^T-\-^JldjRa,giaj), (2.9) 

respectively 

_ k ^ 

Wia) = -7iJ^djdi\og\aj-ai \ -^J^ djRaiaj). (2.10) 

jT^l 7 = 1 

The next result was proved in [14]. 
2.1 Proposition. We have 

W(a)^inf{Wia,gy,gegd}, (2.11) 

and the infimum is attained in (2.11). 

Recall that Sd ■= {g eH^'Hdn;S^y, degig,dO.) = d}. 

We present here an alternative proof of Proposition 2.1, in the course of 
which we exhibit a formula of the form 

W(a,g) = W{a) + non negative terms , 

which will be useful in the sequel. 

Proof of Proposition 2.1. We identify a map i// £ H^^'^{dD.;R) with its harmonic 
extension to H, still denoted ■y^/. Given i// £ H'^^'^{dD.;U), we define its (normal- 
ized) harmonic conjugate £ H^^'^{dD.;U) as follows. The harmonic extension 
of 1//* (still denoted i//*) is the unique solution of 

y/ + 111/* is holomorphic in D,, 

f .* n ^2.12) 
/ 1/^ =0. 

JdO. 
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Note that the Cauchy-Riemann equations imply 

^_r^JJL and ^ = ^, (2.13) 

dv dr dr dv 

at least when ■^|/ is smooth. When y/ is merely H^^^, the distributions — , — ^ £ 

dv dv 

H~^^^ are respectively defined as the trace on 50 of the normal derivatives of 
y/ and y/* , and the equalities in (2.13) are to be understood as equalities of 
distributions in H~^^^. 
We consider the space 

H^'Hdn;U)/U^H^'Hdn;m:=!^ilfeH^'Hdn;m; J f^O^ (2.14) 
which is endowed with the natural norm 

If yr not smooth, then the two last integrals are to be understood as H~^^^-H^^^ 
duality brackets. 

Given a e , we define the canonical boundary datum associated with a 
as the unique element g = eH-^^^idQ.;S^)/S^ such that degig,dn) = d and 

S^-l- = ^- (2.16) 
OT dv 

Our first observation is that g"' is well-defined and smooth. (It would be 
more accurate to assert that every map in the equivalence class defining g°' is 

1 dg 

smooth.) Indeed, existence of a smooth g : dD. § satisfying ^ A — = h (with 

dr 

given h) is equivalent to h smooth and 

h = 2nd. (2.17) 

an 

In addition, g (if it exists) is unique modulo S^. In our case, we have h - 
d^a 

, which is smooth (since is smooth near dQ). In addition, using the 

dv 

equation (2.6), we see that (2.17) holds. If we compare the definition of g"^ to 
the one of ^a,g, we see that the canonical datum is the unique g (modulo 
multiplication by a constant in S^) such that 

$a=^a,g. (2.18) 

Given g e H^'^idn;S^) with deg(^,aO) = d, we have degig/g"" ,dn) = 0. There- 
fore, we may find y/ = y/a,g e H^^^idn;U), unique modulo a constant, such that 
[9] 

g^ga^iV =ga^iy^a,s_ (2.19) 
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Thus we have 



A[O„,^-O„]=0 inn 

^[^a,g-^a]=— on an 
{^a,g-^a]=0 



(2.20) 



'an 



Combining the above with the definition of the harmonic conjugate, we find 
that 

^a,g = ^a-y^* =^a-y^l,g. (2.21) 

Plugging (2.21) into the expression of W(a,g) given by formula (2.9), we find 



Wia,g) = -nY,djdilog\aj-ai\ + - / ($„-•!//*) 



k 



n ^ djiRaiaj) - y/*{aj)) 



--Wia)-l 



r 



dQ 



A ■ 



dT 



da 



dj Ot j 



(2.22) 



dii/ ^ 
an OT j^-^ 



In the last equality we used the fact that = on dD.. Furthermore, using 
the definition of g"^ and the fact that y/* is harmonic, we obtain 



dg" 

a7 



If/ 

an dv 



= [ ^^a+ [ yf*A$a = 2nY.djy/*iaj). 



(2.23) 



Using (2.15), (2.22) and (2.23), we finally obtain 
Wia,g) = W(a) + - \y/^^g\jjy2 . 



(2.24) 



In particular, we recover the conclusion of Proposition 2.1 in the following 
stronger form: the minimum of W(a, •) is attained (exactly) when g = g"^ (mod- 
ulo S^). □ 

2.2 Remark. The canonical boundary datum g"' will play a crucial role in 
our subsequent analysis. We emphasize here the fact that g"' is the (unique 
modulo S"*^) solution of 



g A — = — on an. 

dr dv 



(2.25) 
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The limit (as p ^ 0) of the variational problem (2.3) is also connected to the 
so-called canonical harmonic map „ ^ associated to prescribed singularities 
a £0.1 and to the Dirichlet condition g e H^'^(dO.;§>^). In fact, in [8, Chap- 
ter I] it is proved that the unique solution Up^g of the minimization problem 
inf {/ \Vuf; u £^p,g] tends to M*,a,^, in C^^JSl\{aj}) as p ^ 0.^ 

The canonical harmonic map is defined by the formula 



li — ^ * ,a 

u=g 



n 

7 = 1 



a. 



-a. 



in Q 

in Q. 
on dD. 



(2.26) 



The fact that deg(^,50) - d = Y.dj guarantees that H - Hg is well defined. 



Indeed, there exists y/ e H^^^idQ.;U) such that 



=iV|2-ay| 



and then we can simply let H be the harmonic extension of if/. On the other 
hand, we note that H is uniquely defined up to a multiple of 2n. 
Equivalently, u in (2.26) is characterized by [8, Chapter I] 



\u\ 



U A 



U A 



1 

du 

dxi 
du 



dX2 



a,g 



(2.27) 



dx2 dxi 
u = g on dO. 



In particular, we have 

*,a,g 



^ * ,a,g ^ 



ct,g 



dv 



and 



du 



A ■ 



*,a,g 



an 



dv 



dT 



0. 



on dD. 



(2.28) 



(2.29) 



2.3 Remark. For the minimization problem (2.4), the situation is similar. As 
established in [14], the solution Vp to infj/ |Vi;|^ ; t; e =^p| converges (in an 
appropriate sense) as p ^ 0, to v^^a '■= u*^a,g"-- Since is defined modulo 
S"*^, v*^a is also defined modulo S"*^. Therefore, in this context the convergence 
actually means that subsequences of {vp) converge to representatives (modulo 

S^) of V^^a- 



^Actually, in [8, Chapter I] the map g is supposed smooth, but the argument adapts to a 
general g e H^'^{dn;S^). 
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We end this section with the definition of the following quantity, which will 
play a very important role in what follows. For a £ and g e H^'^^(5Q;S^), 
we set 

N{a,g) := u,,a,g A = e H-^'\d£l;m. (2.30) 

dv dr 

3 Transport of formulas onto the unit disc 

Let / : D ^ n be a conformal representation. The assumption Q e C^'^ ensures 
that / and its inverse q) := : O ^ D are C-^'^ up to the boundary. 

The goal of this section is to understand how the objects defined in Sec- 
tion 2 are transported by (p and /. 

We will stress the dependence on the domain by using superscripts (e.g. 
W = W^). For a e , the notation a = f{a) stands for a := {f{a{), fiajj) £ 



k 

k 



First of all, for a G , we have 

where C = C{a,g,f) = ~ fs^^^^a) gof^f'^- Indeed, (3.1) is justified as follows. 
By a direct calculation, both sides of (3.1) satisfy the same Poisson equation, 
with the same Neumann boundary condition. The constant C comes from the 
normalization condition Jg^ ^a,g = ^- The same argument applies to show that 

^a=^"^ia)°V. (3.2) 

Here there is no renormalization constant since satisfies a Dirichlet bound- 
ary condition. 

Normal and tangential derivatives transform in the following way. If v : 
D ^ C, then 

^[vo(p]iz)=\(p'iz)\^{(piz)], zedn, (3.3) 

OT OT 

— [vo(p]{z)=\(p'iz)\^[(piz)), zedn. (3.4) 

Using (3.2), (3.3), (3.4) together with formula (2.16) characterizing g", we 
find, for a e , 

g-of = gV(-\ (3.5) 
On the other hand, we claim that 

U*,a,g = U*,cp{a),gof°(P- (3.6) 
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Indeed, this follows from the observation that the two sides of (3.6) agree on 
dD., combined with (2.26) and with the fact, when H is harmonic in D, we may 
write 



(piz)-(pia) ^.Hocpiz) 



\(p(z) - (p(a)\ 



z-a 
\z-a\ 



e^^^^\ with K harmonic in C 



As a consequence of (3.6) and (3.4), we obtain, recalling the definition (2.30) of 
N, 



N^{a,g)^\ip'\ N^'icpia), gof)oip. 



(3.7) 



The formulas of the renormalized energies W and W transport in a more 
complicated way. 

3.1 Lemma. Let a e a '■= fioc) ctJ^-d g :dn^ S^. Then 
W^(a,g) = Wya,go f) + TiY,d'^.\og\f'{aj)\, 



W^ia) - W^ia) + nY,d) log \f'{aj)\. 



(3.8) 
(3.9) 



Proof. Using definition of Ra,g (2.7), together with (3.1), we compute, for ^ e I 

k 



Rlgifiz)) = ^Ig^fiz) - X di log \fiz) - fiai)\ + C 

fiz)-fiai) 



1=1 

K,gofiz)-tdaog 
1=1 



z-ai 



(3.10) 



C. 



The above is well-defined when z ^ aj, and extends by continuity at z = aj. In 
particular, 



f{aj)-f{ai) 



a; - ai 



-dj\og\f'{aj)\ + C. (3.11) 



Finally, we plug (3.1) and (3.11) into formula (2.9) expressing W in terms of 
Oa,g and Ra,g- We obtain, using also the fact that deg(^,5n) = d = Y.dj, 

dg^ 



1 



W''{a,g)^-nY^djdi\og\aj-ai\ + - / .o(^ 



da 



• A ■ 



+ 9^ / S^^-''LdjC-nj:djRl^^f{aj) + nj:dpog\f'{aj)\ 
= -n^djdi\og\aj-ai\ + \ f ^l.^figo f) a O 



E djKg.f^aj) + nY. d]\og\f'{aj)\ 
W''{a,gof) + nY^d]\og\f'{aj)\. 
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Formula (3.9) can be proved following the same lines (the calculations are 
even simpler than for (3.8)). Alternatively, we can obtain (3.9) via the relation 
W(a) = W(a,^°). □ 



4 Explicit formulas in the unit disc 

In this section we derive explicit formulas for , and N'^ . 

We start by recalling the explicit formulas for and [14]: for a g D^, 
we have 



^l{z)=Y,dj[\og\z-aj\-\og\l-ajz\], V^gD, 

7=1 

W^{a) = -n^djdi logla^ - a/I + d jdi\og\l - ccjail 
+ nY,dpoga-\a/). 



(4.1) 
(4.2) 



The formulas for W and are more involved. 

4.1 Lemma. Let e be fixed, and := g"° : ^ S-^ be an associated 
canonical boundary map. (Recall that is defined up to a multiplicative 
constant.) Then it holds: 
(i) For a e Dt and for y/ e ^^^^(gi. 



and, for z eU, 

'ajil-ajz) 



(4.3) 



7=1 



\l-ajz\^ 



(ii) For a e and for y/ e H^'^iS^'M 



|l-a°2|2 



(4.4) 



N^ia,g%^^) = ^ 



a^-Az 



dj ^ no -^Tdj — 



(4.5) 



\z - a 



z-a, 



J ,^ J ,~ -ji 

Proof of (i). Since we will always work in the unit disc, we drop the superscript 
D. 

We know from (2.24) that for g e H^'^iS^;S^), 



— 1 I ,2 

Wia,g) = Wia) + - \y/a,g\Hy2 , 
where ifa,g is defined (modulo a constant) in (2.19) by 



(4.6) 



(4.7) 
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Taking g = g^e^^ , and using g'^ = g°^e''^"'S° , we find 
so that it holds 



a iw a liW o+'W) 

g = g e g — g Q ^a,g 



This leads to 



(4.8) 



(4.9) 



, (4.10) 



i.e., (4.3) holds. In order to complete the proof of (i), it remains to compute 
Recall that y/*^ is characterized by 



m 



5 1 

-^y^a,gO on 







Since e^^'^-s^ = g^/g", we have 



ax 



dT 



By definition of and g = g" , and using (4.1), we obtain 
^" A— — = = ^^^7^ [logl^-ajl-logll-aj^l] , 

OT OV J OV 

dg^ 50„o _ 5 r n ~7T 

^ = ^ = E^i^ - a^l -logll - a^el 

We also note the identity 



(4.11) 



(4.12) 



(4.13) 



1 = — [log|l-a2| + log|0-a|], Vael 

OV 

Combining (4.12))-(4.14), we obtain 



dv 



dr dv 



2j^dj[\og\l-a^jZ\-\og\l-W-z\ 



Therefore, there exists a constant c(a) £ IR such that 

V^l goiz) = 2 ^ (iy (log 1 1 - 1 - log 1 1 - ay2 1) + c(a), V x ( 



(4.14) 



(4.15) 



(4.16) 



Indeed, the right-hand side of (4.16) satisfies (4.11), and so does y/* q. The 
constant c(a) is determined by the normalization condition Jy/* q = 0. From 
(4.16) we immediately obtain (4.4). □ 
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Proof of Hi). In view of formula (2.26), we have 

dH* 



dv av 



^ dj6{z - aj) 



Ldj-^[^og\z-aj\], (4.17) 



where H* is the harmonic conjugate of H, characterized (up to a constant) by 



^H* =0 in 

dH* dH 1 
-— = -- — onS^ 

dv OT 



On the boundary we have 



(4.18) 



n 



z- a, 



\\z-aj\ 



J 



z - a, 



\\z-aj\ 



(4.19) 



so that 

dH dy/ dg^ ^ ^ \at M 
dr dT dr J dT 

df 



(4.20) 



d 



+Y.dj-^\^og\z-a']\-\og\l-a^jZ\\-Y,dj—[\og\z-aj\.\ 

Here we have used the definition of g'^ = g"^ and the exphcit formula (4.1) for 
Oa. Using (4.14), we obtain 



dH _ d 
dr dv 



V^* + ^ (2 log 1 1 - c^jz I - log 1 1 - ajz I ) 



We deduce that there exists a constant c = dy/, a) such that 
H* =y/*+Y, dj{2 log 1 1 - -cPjZ | - log 1 1 - a^^ |) + c. 



(4.21) 



(4.22) 



From (4.22) and (4.17) we obtain 

N{a, /e^^) = ^ +^ d,- ^ [2 log 1 1 - I - log 1 1 - ajz \-\og\z 
dj j dj ^ ■' 



a. 



Using the fact that for every a £ D we have 

d , d ^ _ ai\z 1 

— [log|0 - «l] = — [logH - azW = ^, yzeS\ 

dT OT \z-ar 



we finally obtain 



dill* a^- f\Z n /\z 



dT 



\z-a. 



as claimed. 



(4.23) 
(4.24) 

(4.25) 
□ 
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5 Nondegeneracy of W is stable 



In this section we show that, if a £ (^0)* is a nondegenerate critical point of 
W"o(-,^o), with ^0 : dQo S\ then for Q "close to" Qq, and for g : dCl ^ 
"close to" there exists a unique nondegenerate critical point a of W^{-,g) 
"close to" a". Unlike the analysis we perform in subsequent sections, smooth- 
ness (of the domain or of the boundary datum) is not crucial here. In order 
to emphasize this fact, we first state and prove a result concerning rough 
boundary datum (Proposition 5.1). We next present a "smoother" variant of 
the stability result (Proposition 5.3). 

The notion of closeness will be expressed in terms of conformal represen- 
tations. Let us first introduce some definitions. Let X be the space 

X:={/"eC^(D;C); / is holomorphic in D}, (5.1) 

which is a Banach space with the || • \\qi norm. In X we will consider the open 
set 

V:={feX;f is bijective and f'^ e X} . (5.2) 

Every f £V induces a conformal representation f : B D. := /"(O), which is 
up to the boundary. In what follows, we denote hy both the inverse of 

f-.n^Hand of /"isi :S^^aQ. 

Similar considerations apply to the space 

Xp := {/■ e C^'^ (0;C) ; / is holomorphic in d} , (5.3) 

and to the open set 

:= {/■ e X; / is bijective and f'^ e Xp] . (5.4) 

Here, < ^6 < 1. 

5.1 Proposition. Let D,o be a smooth bounded simply connected C^'l^ domain 
and fo'-B ^ Qobe a conformal representation. Assume that there exists e 
and go e H^^'^iS^;S^) such that a^ := foia^) is a nondegenerate critical point of 

W''°{;goof-h 

Then there exist a neighborhood T of{fQ,Q) in V xH^'^{S^;U), a smooth map 
a-.y ^ D^, and some 6 >0, such that the following holds. 

Let (/", £ ^ o-nd consider the domain D. := /"(D) together with the boundary 
datum g igoe^^)o f~^ e H^'^idn;S^). Then W^i-,g) admits a unique critical 
point a e O.^ satisfying \ f~^ia)- a°| < 5. This a is given by the map a{f - 
f[a{f,f)). Furthermore, a is a nondegenerate critical point ofW^{-,g). 

Before proving Proposition 5.1 we state as a lemma the following smooth- 
ness result. 
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5.2 Lemma. The map W : x y x H^'^{S^;m U, defined by 

Wia,f,yf) = W^®' {fia),igoe'^)or^) , (5.5) 
is smooth. 

Similarly, the map : 0^ x x C^-'^CS^iIR) ^ U, defined by 

W^a, f,y/)^ Wf^^^ [fia), igoe'^) of-^], (5.6) 
is smooth. 

Proof of Lemma 5.2. The idea is to rely on the formulas derived in Sections 3 
and 4 in order to obtain an explicit formula for W, from which it will be clear 
that W is smooth. 

To start with, formula (3.8) gives 

W(a,f,yf)^W^ia,goe'^) + nY,d^jlog\f'iaj)\. (5.7) 

j 

Using the fact that for holomorphic f all derivatives can be estimated lo- 
cally using only H/Hco, it can be easily shown that the maps 

xy3(a,/-)-log|/"(a,)| (5.8) 

are smooth. 

Therefore the second term in the right-hand side of (5.7) is smooth, and in 
order to complete the proof of Lemma 5.2 it suffices to prove that 

xH^'^iS^■,m^{a,^ff)^W^ia,goe'1')■.= Pg,{a,^fr) (5.9) 

is smooth. Clearly, if ^ g H^'^iS^;S^) is such that deg(^,S^) = deg(^o,S^), 
then we may write g = goe'-^° for some y/Q e H^^^(S^;R), and then we have 
Pg(a,%i) = PgQia,y/ + i(/o). This implies that the smoothness of Pg^ does not 

depend on the choice of ^o- Therefore, we may assume that = g" for some 
a*^ e D^. This assumption allows us to use Lemma 4.1. Using (4.3), we obtain 

w%,^oe^^)=w%)+^ / \^ra,gf+l [ 

JB 



(5.10) 



We examine the smoothness of the four terms on the right-hand side of (5.10). 
The first term depends only on a and is smooth thanks to formula (4.2). The 
second term depends only on a and is smooth thanks to formula (4.4). The 
third term depends only on y/ and is a continuous quadratic form, hence it is 
smooth. The fourth and last term depends linearly on y/ and is smooth thanks 
to formula (4.4) again. 

Hence the map (5.9) is smooth, and the proof of the H^^^ part of the lemma 
is complete. 

The proof of the C^'^ part of the follows the same lines and is left to the 
reader. □ 
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Proof of Proposition 5.1. Let us first remark the following fact. Fix /" g V and 
£ H'^^'^{dl};W) and consider the domain D. = /"(P) together with the boundary 
datum g = {gQe^^)o f~^ . Then, for any a £ D'I, f{a) is a nondegenerate critical 
point of W^(-,^) if and only if a is a nondegenerate critical point of W(•,/",1/')• 
This is a simple consequence of the fact that f induces a diffeomorphism from 
into 

We consider the map F : x y x ifi/2(si. jg) _^ ^ 

F:ia,f,ifr)^VaWia,f,yr). (5.11) 

Lemma 5.2 ensures that F is smooth. Moreover, the assumption that a*^ is a 
nondegenerate critical point of W^°(-,^o° f ~^) ensures that a*^ is a nondegen- 
erate critical point ofWi;fo,0). Therefore F(a°,/"o,0) = 0, and DaFia^,fo,0) 
is invertible. 

This enables us to apply the implicit function theorem: there exist of a 
neighborhood 7 of ifo,0) in V x H^^^{S^;U), a smooth map a : 7 ^ 0*, and 
6>0, such that, for (f,y/) £ 7 and \a-a^\<6, 

Fia,f,ii/) = 0^a = aif,i(r). (5.12) 

We may also assume that DaF(a(f,i(/),f,y/) is invertible, so that a(f,y/) is a 
nondegenerate critical point of Wi-,f ,y/). This implies that a:= f [a(f,y/)) is a 
nondegenerate critical point of W^i-,g), where O = /"(D) and g = igae^^) o f~^. 
In view of (5.12), a is the unique critical point of W^{-,g) satisfying \ f~^{a) - 
a^\<5. 

The proof of Proposition 5.1 is complete. □ 
In what follows, we will use the following smoother version of Proposition 

5.1. 

5.3 Proposition. Let VLq he a smooth bounded simply connected C^'^ domain 
and fQ-.li ^ D.Qbe a conformal representation. Assume that there exists a° £ 
and go £ C^'Hs>'^',S>^) such that a*^ := /"o(«°) is a nondegenerate critical point of 
W""(-,^oo/'o"')- 

Then there exist a neighborhood T of if o,0) in Vp x C-'^'^(S-'^;IR), a smooth 
map a : y and some 5 >0, such that the following holds. 

Let {f,y/) G y and consider the domain D, := /"(D) together with the boundary 
datum g := igoe'l')of-^ e C^'Hdn;Sh Then W%,g) admits a unique critical 
point a £ satisfying \f~^ia) - <6, given by the map aif,y/) - f [aif,y/)). 
Furthermore, a is a nondegenerate critical point ofW^i-,g). 

Here, is given by (5.4). The proof of Proposition 5.3 is identical to the one 
of Proposition 5.1 and is left to the reader. 

We will need later the following special case of Proposition 5.3, where Q is 
fixed. 
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5.4 Corollary. Let e D.I be a nondegenerate critical point ofW{-,gQ), for 
some go e C^'HdD,;S^). Then, for g in a small C^'^ -neighborhood 21 of go, 
Wi-,g) has, near a^, a unique nondegenerate critical point a(g). In addition, 
the map y/ ^ a{goe^^), defined for if/ in a sufficiently small neighborhood of the 
origin in C^'^{dD.;U), is smooth. 

We note here that Corollary 5.4 allows us to define a map 

n=r^^o,^^:2l-C^(5n;K), T^g) := N^iaig),g) = u.,aig),g^^^^^^0^- (5.13) 

Since W^{-,g) does not depend on the class of g modulo S^, neither do aig) 
and T*. Moreover, in view of (2.28) and (2.29) we have 

/ "*,a,gA— = / — =0. 

Jdn dv Jgn dT 

We find that the map T"* induces a map, still denoted T^,, from 2t/S^ into 
Cf^idn;m. Here, we define 

C^(5n;K):=|i/AGC^(5n;K);^ f = 0^. 

It is also convenient to consider, in a sufficiently small neighborhood *B of the 
origin m C^'^(an;K), the maps (both denoted C7* ) 

C/*=f/,"„o^^^:23-C^(aO;K), UAf) = TAgoe'^) (5.14) 

and 

f/* =f/J^„o,^„ :M-C^(5n;K), UAf) = TAgoe'n (5.15) 

The above C7*'s are smooth. Indeed, this is obtained by combining (3.7) with 
(4.5) and with the fact that f ^ aigoc^^) is smooth. 

6 A uniform version of the Paeard-Riviere con- 
struction of critical points 

We start by explaining how the results established in this section compare to 
the existent literature. 

Let us first briefly recall the Bethuel-Brezis-Helein analysis of critical 
points of the Ginzburg-Landau energy with prescribed Dirichlet boundary 
condition g e C°°(3D;S^) [8, Chapter X]. Consider a fixed boundary condition 
g e C°°(an;Si), with deg(g,an) = d = I.%^dj. Given a critical point a e of 
W{-,d\,...,dk,g), consider the canonical harmonic map given by (2.26). The 
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fact that a is a critical point o{Wi-,di,...,dk,g)is equivalent to the fact that 
the harmonic function Hj, defined near a , by 



satisfies ^Hjiaj) = [8, Chapter VII]. 

The main result in [8, Chapter X] asserts that, when Q, is starshaped crit- 
ical points of Ei; converge, as £ ^ (up to subsequences and in appropriate 
function spaces), to a canonical harmonic map u* = u*^a,g associated with a 
critical point aeO.'l ofW{-,di,...,dk,g). 

Granted this result, one can address the converse: given a critical point 
a £ ofWi-,di,...,dk,g), does there exist critical points of £e with pre- 
scribed boundary condition g, such that £ ^ 0? Here we will 
be interested in the answer provided by Pacard and Riviere [15]. 

6.1 Theorem ([15, Theorem 1.4]). LetQ<p,j< 1. Assume that g e C'^'PidQ.;S^) 
and dj g {±1}. Let a eOJl he a nondegenerate critical point ofW{-,d\,...,dk,g)- 

Then there exists £0 > such that for every e e (0,£o), there exists u^ a criti- 
cal point of Eg; with Ue = g on dD., and 

U£ — *u^^a(g),g ase—>-0 (6.2) 

in Cfj^in\{ai,...,ak}). 

The purpose of this section is to establish a variant of Theorem 6.1, in 
which g is assumed to be merely C^'^ and is not fixed anymore. In addition, 
we will obtain a uniform existence theorem, and uniform convergence rate. 
More specifically, we fix integers di,...,dk- Since these integers do not de- 
pend on the boundary datum g we consider, we will omit the dependence of 
W with respect to di,...,dk'- we write W(-,g) instead ofW{-,di,...,dk,g)- We 
consider ao £ D,^ a nondegenerate critical point of the renormalized energy 
Wi-,go) associated with ^0 £ C^'HdD,;S^). By Corollary 5.4, we know that, for 
g in a small C^'^^-neighborhood 21 of ^0, Wi-,g) has, near ao, a unique nonde- 
generate critical point a(g). 

In this section, we establish the following variant of Theorem 6.1. 

6.2 Theorem. Let Q < p,Y < 1. Let go e C^'f^idn;Sh Let di,...,dk£ {-1,1}. 
Let ao be a nondegenerate critical point of W(-,go)- Then there exist 5 > 
and £0 > such that the following holds. For every g e C^'^{dO.;S^) satisfying 
\\g - goWc^.p ^ S, and for every e e (0,£o), there exists Ue - u^^g a critical point of 
Es with prescribed boundary condition g, such that 

Ue^g — ^u*^a(g),g ase^O (6.3) 
in Cfj^in\{ai,...,ak}). 




(6.1) 
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As announced, the difference with Theorem 1.4 in [15] is that we merely 
assume that g g C^'^; in addition, we prove that £o can be chosen independent 
of g. Theorem 6.2 allows us to define a map F^: g^ u^^g for every e g (0,£o)- 

Theorem 6.2 is obtained by following the proof of Theorem 6.1 in [15]. All 
we have to check (and we will do in what follows) is that the estimates in 
[15] are uniform in g; we also have to modify some arguments relying on the 
regularity assumption g £ C^'^. 

Proof of Theorem 6.2. For the convenience of the reader, we recall the main 
steps of the proof of Theorem 6.1 in [15], and examine the crucial points where 
the estimates depend on g, respectively where the regularity of g plays a role. 

The general strategy in [15] is to construct an "approximate solution" 
of the Ginzburg Landau equation 

^e(a) = 0, where := Am + ^(l-|u|^), (6.4) 

using the fairly precise knowledge we have of the form of solutions for small 
E. Then, using a fixed point argument, one can prove that some perturbation 
of is in fact an exact solution of (6.4). The main difficulty lies in finding the 
good functional setting that makes the linearized operator = around 

invertible, uniformly with respect to e. This is achieved in [15] in the frame 
of appropriate weighted Holder spaces. 

In [15] the proof of Theorem 6.1 is divided into five chapters: Chapters 3 
through 7. In what follows, we detail the content of these chapters and explain 
how to adapt the arguments for the need of Theorem 6.2. 

Chapters 3 and 4 in [15] 

[15, Chapter 3] is devoted to the study of the radially symmetric solution 
u{re^^) = f{r)e^^ of the Ginzburg-Landau equation in C satisfying lim^^oo fi^) - 
1. In particular, [15, Chapter 3] characterizes the bounded solutions of the lin- 
earized equation about this radial solution. This characterization is used in 
[15, Chapter 4] in the study of the mapping properties of the linearization of 
the Ginzburg-Landau operator (at the radial solution) in the punctured unit 
disc D \ {0}. In particular, it is shown that the linearized operator is invertible 
between appropriate weighted Holder spaces. 

These two chapters (3 and 4) are independent of the boundary condition g, 
so that they can be used with no changes in the proof of Theorem 6.2. 

Chapter 5 in [15] 

The next step, in [15, Chapter 5], consists in constructing and estimating the 
approximate solution Ue. This approximate solution looks like i/* = u^^g^aig) 
away from its zeros (which are close to the singularities of w*), and like the 
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radial solution studied in [15, Chapter 3] near its zeros. Since Ue is built upon 
the estimates satisfied by Ue involve u*, and thus g. 

More specifically, in [15, Chapter 5], various quantities are estimated in 
terms of constants c(z/*) depending on and its derivatives. An inspection of 
the proofs there combined with (2.26) shows that these constants depend only 
on a{g), on the harmonic function H = Hg and on the derivatives of Hg. 

We claim that the constants c(a*) can be chosen independent of g satisfy- 
ing 

\\g-go\\ci,P{dn)^S. (6.5) 

Here, 6 is sufficiently small in order to have the conclusion of Corollary 5.4. 
Indeed, the key observation is that there exists a constant C > independent 
of g such that 

WHWcim)-^'' (6.6) 

this follows from the fact that H is harmonic and ll-ff llci.iS((3n) - ^■ 
In particular, we have 

\\H\\ck^^^<Cik,co) for ^£N and wen. (6.7) 

Estimate (6.7) implies that all the interior estimates in [15, Chapter 5] are sat- 
isfied uniformly in ^ G C-^'^ satisfying (6.5). This settles the case of estimates 
(5.8), (5.9), (5.33), (5.42) and (5.43) in [15, Chapter 5]. 

It remains to consider the global and boundary estimates (5.29), (5.32) and 
(5.41) in [15]. These estimates rely on bounds on the solution ^ of the problem 



A^-|Vuj2^ + ^^^ =0 inng/2 

^ =1 on an 

Here, n^ := n \ \Jj^aio,j) (for sufficiently small a > 0), and 6 := e^. The auxil- 
iary function is independent of g and is defined in [15, Section 3.6]. Finally, 
Wj^r, defined in [15, (5.7)], depends only aig) and on the restriction of Hj to 
compacts of n; therefore, the estimates involving wj^r are uniform in g. 

In [15, Lemma 5.1] the following estimates (numbered as (5.29) in [15]) 
are shown to hold: 

l-ce^<^<l inn^, (6.9) 
l-ce^rj^<^<l inD^(aj)\05/2(ay), (6.10) 
\y^^\<CkE^rJ^-'' inU2aiaj)\n5{aj) ik>l). (6.11) 

Here cr > is fixed, and rj = rjix) denotes the distance from x to aj. Estimates 
(6.10) and (6.11) are interior estimates, and therefore they hold uniformly in 



1-^ 



2 
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g e C^'^ satisfying (6.5), as explained above. We claim that the same conclu- 
sion applies to (6.9). Indeed, an inspection of the proof in [15] shows that the 
constant c in (6.9) is controlled by supQ^|Va*|. The latter quantity is uni- 
formly bounded, thanks to (6.6), whence the conclusion. This settles the case 
of the estimate (5.29) in [15]. 

We next turn to the estimate (5.32) in [15, Lemma 5.2]. Under the assump- 
tion that g G C^'^, this lemma asserts that 

sup|V*^| <c£2-^, ^ = 1,2. (6.12) 

In our case, we only assume g £C^'^. The corresponding estimates are given 
by our next result. 

6.3 Lemma. Assume that (6.5) holds. Then we have 

sup I V^l < ce and I V^|^,n, < c£^"^. (6.13) 

Here, | • |^ denotes the C" semi-norm in Q.^: 

{\u(x)-uiy)\ 
\u\a,na :=sup^ — ■ — ■,x,yena 

[ \x-y\P 

Proof. We apply Lemma 11.5 in the Appendix with u; = ^- linG: = ^,7/2, and 
find that 

supm<c(\\w\\j^l^^JAw\\j^l^^^^ + \\w\^^^^^^^ (6.14) 

\V^\f},Q, ^c[\\w\\]^i~^^^\\Aw\\]^i\^^^ + l|a;||cM(aoj) • (6.15) 

The conclusion then follows by combining (6.14)-(6.15) with the equation (6.8) 
and with with estimates (6.9) and (6.11). □ 

Finally, we examine estimate (5.41) in the last section of [15, Chapter 5]; 
this is a global estimate for ^(ue). Recall here that J/e is the Ginzburg- 
Landau operator, and that is the approximate solution of (6.4) constructed 
in [15, Chapter 5]. The estimate [15, (5.41)] involves an interior estimate and 
a boundary estimate. As above, the interior estimate is settled with the help 
of (6.7). We now turn to the boundary estimate, which is the following: 

\\^eiue)\\cm.)<ce^-f^. (6.16) 

The proof of (6.16) in [15] relies on the estimates (6.12) above (see[15. Proof 
of Lemma 5.2]). In our case, (6.12) need not hold, since we only assume that 
g e C^'^. However, we still obtain (6.16) as follows. We note that 

^e(z/e) = 2Va*-V^ inH^ (6.17) 
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(this is formula (5.46) in [15]). By (6.17), we have 



ll^e("£)llc/3(n,)^c||Vz/*||c/^(Qjl|V^||c/3(j2^). (6.18) 

We obtain (6.16) as a consequence of (6.6) and of Lemma 6.3. 

As a conclusion of this inspection, we find that all the estimates in [15, 
Chapter 5] are uniform in g satisfying (6.5); the arguments there need only 
minor changes. The most relevant change is that [15, Lemma 5.2] has to be 
replaced by Lemma 6.3. 

Chapter 6 in [15] 

We now turn to [15, Chapter 6], which deals with the conjugate linearized 
operator around the approximate solution. The main result of this chapter 
is [15, Theorem 6.1], which states that is invertible for e e (0,£o), with the 
norm of its inverse bounded independently of e. In order to adapt this theorem 
to our situation, we need to check that this eq, and the bound on can be 
chosen independently of g satisfying (6.5). 

The proof of [15, Theorem 6.1] is divided into three parts: 

(a) The "interior" problem, consisting in the study of the linearized operator 
^fe near the zeros of [15, Section 6.2]. 

(b) The "exterior" problem, requiring the study of the linearized operator 
away from the zeros of Ue [15, Section 6.3]. 

(c) The study of the Dirichlet-to-Neumann mappings [15, Section 6.4]. (These 
mappings are used later in order to "glue" the two first steps together.) 

The interior and the exterior problem rely on the estimates obtained in 
[15, Chapter 5]. An inspection of the proofs shows that all the estimates ob- 
tained there are uniform in g, with one possible exception: the estimates in 
[15, Proposition 6.2]. Indeed, these estimates rely on [15, Lemma 5.2], and 
more specifically on (6.12) (which does not hold in our setting). However, a 
closer look to [15, Proof of Proposition 6.2] shows that the conclusion of [15, 
Proposition 6.2] still holds if we replace (6.12) by Lemma 6.3. In conclusion, 
the first two steps can be carried out with uniform estimates, provided (6.5) 
holds. 

The third step (Dirichlet-to-Neumann mappings) requires more care. In 
[15, Section 6.4], the following two operators are defined, for fixed small C > 
and for sufficiently small e: 

k k 
DNir,t,e,DNe,t,e:UC^'''iC((,aj)]^l\C^'f'[Ci(,aj)]. (6.19) 

(These are the interior and exterior Dirichlet-to-Neumann mappings.) The 
crucial result in part (c) is [15, Proposition 6.5], which states the existence of 
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some £0 such that DNint,e -DNext,£ is an isomorphism for e e (0,£:o)- The proof 
of this fact goes as follows. First the convergence 

DNint,e - DNext,e — DNint,o " DNe^tfi as £ - (6.20) 

is shown to hold in operator norm. The proof of (6.20) relies on the interior 
estimate (6.7). Therefore, the convergence in (6.20) is uniform in g satisfying 
(6.5). 

We now return to the proof in [15, Chapter 6]. Once (6.20) is established, 
it remains to prove that the limiting operator DNintfl -DNextfl is invertible. 
This is done in [15, Proposition 6.5]; this is where the nondegeneracy of a as 
a critical point of W{-,g) comes into the picture. In order to extend the con- 
clusion of [15, Proposition 6.5] to our setting, and to obtain a uniform bound 
for the inverse of DNint,E -DNext,£, it suffices to check that DNtntfl -DNgxtfi 
depends continuously on g. Indeed, this will lead to a uniform bound for the 
inverse of DNint,e ~ DNext,£ provided £ is sufficiently small, uniformly in g 
satisfying (6.5) (possibly with a smaller 5). For this purpose, we examine the 
formulas of DNgxtfi and DNint,o- The definition of DNgxtfi is given in [15, 
Proposition 6.4], and it turns out that that DNgxtfi does not depend on g. As 
for DNintfi, it is a diagonal operator of the form 

DNintfiiipi,. ..,(pk) = [dn]^,q{4>^), . . . ,Z)iVf„, o((/)a)) , (6.21) 

with Z)iV/„, : C^'P {Ci(,aj)) ^ C^'^ {C((,aj)], Vj e |1,^]. 

Furthermore, from [15, Proposition 6.3] we know that DNj^^ q further 
splits as 

fri:span|e±"^'^| - span|e±"^'^| 
DN^. ^^ = Ti®T2, with ^ ^ ] .(6.22) 

|r2:span{e±'^}-span{e±^^} 

Here, the operator Ti does not depend on g. Therefore, we only need to check 
that T2 depends continuously on ^. As a linear operator on a two-dimensional 
space, T2 is represented by a 2 x 2 matrix. It is clear from [15, Proposition 6.3] 
that the coefficients of this matrix are smooth functions of V^H(aj). In turn, 
V^Hiaj) depends smoothly on g, by Corollary 5.4. 

Hence DNintfi - DNgxtfi depends continuously on g, as claimed. 

This allows us to choose Sq independent of g satisfying (6.5) in [15, Propo- 
sition 6.5] and in [15, Theorem 6.1], and to obtain a uniform estimate for the 
inverse of S^e. 



Chapter 7 in [15] 

Finally, in [15, Chapter 7] the results and estimates in [15, Chapters 3-6] are 
combined in order to prove Theorem 6.1. Our above analysis shows that these 
estimates are uniform, and therefore lead to the uniform version Theorem 6.2 
of Theorem 6.1. 
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Conclusion 



As a conclusion of our analysis, Theorem 6.2 holds. 



□ 



For further use, we record two additional properties of the maps Ue,g; these 
properties are immediate consequences of the construction in [15]. Let d be as 
in Theorem 6.2. We consider the set 



6.4 Lemma. Let K <^D.\ {aj}. Then we have \ue^g\ ^ 1 as e ^ 0, uniformly in 
K and in g e^. 

Proof. This follows by an inspection of the construction in [15]. Formulas 
(5.36) and (5.37) in [15] ensure that, for small e, the approximate solution Ue 
satisfies |Se| = |^| in K. The convergence then follows from the estimates on 
^, and from formula (7.1) in [15] connecting the approximate solution to the 
exact solution. □ 

For the next result, it may be necessary to replace 5 by a smaller value. 

6.5 Lemma. Let g 2t and w e S^. If cog e 21, then u^^ojg = oiUir^g. 

Proof. We have W{-,g) = W(-,cog). Therefore, if a is a nondegenerate critical 
point of W(-,g), then a is also a nondegenerate critical point of W{-,a)g). By 
Corollary 5.4, we find that aicog) = aig). Using this equality, an inspection of 
the construction in [15] shows that 

(6.24) 

Thanks to (6.24), we obtain that o)Ue,g has all the properties satisfied by the 
solution Ue^i^g constructed from Ue^i^g via the inverse function theorem. Since 
the solution provided by the inverse function theorem is unique, we find that 
UE,(jDg = coue^g, as claimed. □ 

7 Convergence of the normal differentiation op- 
erators 

In this section, we fix integers d\,...,dk g {-1,1} as in Section 6. We assume 
that a° is a nondegenerate critical point of W(-,^o)- Let ^ g 21, where 21 is 
given by (6.23), and let < e < eo- For such g and e, we define u^ = u^^g as 
in Section 6. We also define u*^g := u*^a{g),g, where a{g) is the unique critical 
point of W(-,^) close to ao (see Corollary 5.4). We consider the operators 




(6.23) 



r„n:2t-C^(an;K), T,{g):=u,,gA 



du 



du 



*,g 



dv 



and T^ig) := a 



dv 



The main result of this section is the following 
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7.1 Proposition. Let < 7 < 1. Then (possibly after replacing 6 by a smaller 
number) we have 

limsup \\TAg)-T,ig)\\cr(dn) = 0- (7.1) 

In particular, given /i > there exists some Cq > such that, for < e < Cq, 
Tir-T* : 21 ^ CHdD,; R) is compact and satisfies 

\\T,{g)-TAg)\\cP(dn)^^^, V£<eo, V^eSl. 

Proof The last part of the proposition follows from the fact that the embed- 
ding C^{dn;U) Cl^idQ.;U) is compact when 7 > )6. 

Whenever needed in the proof, we will replace 5 by a smaller number. Let 
a = a(g), ^ G 21, be such that VaWia,g) = and a is close to a*^ = (a^,. . .a°). Let 
^ > be a small number and set 



w:={xen; |x-a°|>^, Vjg|1,^]}. 



We may assume that |a(^)-a*^|<^/2, V^eSt. In view of Theorem 6.2, we have 
Ue,g — * u*^g in C^'^iK) as e ^ 0, for every ^ £ 21 and for every K compact set 
such that K c SJ\ In addition, by Lemma 6.4 we have |i/e,g| ^ 1 as e ^ 
uniformly in To and in ^ £ 21. 

Let 6 -dghe the multi-valued argument of 



Z ' 



\ [z-aj{g)) 



n 



id- 



i=i \z-aj{g)\' 

We note the that V6g is single-valued and that we have 

IIV0^llcM(^)<C, V^£2t. (7.2) 

For small e (independent of g), we have deg(u£,^) = deg(a*,g^) = dj on C{a^j,t), 
and thus we may write, locally in 

and similarly 

We may choose y/^^g in order to have 

W*,g\\c^A<n)^C, V^£2l, (7.3) 
and we normalize y/^^g by the condition 

y^E,g - f*,g on dD.. (7.4) 
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In terms of p, (p and if/, the Ginzburg-Landau equation reads 

div(p2 V(p) = divipHe + y/)) = 

-Ap = ^pa-p^)-p\Vcp\^ 

Step 1. We have 

\\^(Pe,g\\LP(a>)^Cp, ,V£<£o V^eSl, Vl<p<00. 

Indeed, we start by noting that we have \\SI9g\\LP(w) - Cp', therefore, it suffices 
to prove that \\yy^e,g\\LP{a)) - Cp. Using the equation divip^Vcp) = 0, we see that 
y/ir^g satisfies 

^y/e,g = div[[l-plg)veg + [l-plg]Vy/e,g] in w. (7.5) 
We obtain 

\\yy^E,g\\LP{aj) < C [\\y/e,g\\wi-yp,Pidw) + \\('^ - plg^'^SghPioj) + 

<Cp+C\\l- pig WL^ia,) II Vy/e,g \\lp(w)- 

Since pe^g ^ 1 as £ ^ uniformly in To and in ^ e 21, the second term in the 
right-hand side of the above inequality can be absorbed in the left-hand side 
and we obtain the announced result. 

Step 2. For 1 < p < oo we have Vp£,g ^ in L^ico) as e ^0, uniformly in ^ e 21. 
This is obtained as follows. Let rj := T]£^g := 1 - p^^g e [0, 1], which satisfies 

1 2 
-^r] + ^p{l + p)T] = p\V(p\ mw 

e'^ (7.6) 
77 = on dVL. 

Moreover, we have 

^r]<^p{l + p)r] = p\V(p\^ + ^r]<C ond(n\d€l, {1.1) 

since u^^g ^ a in C^'^(if ) for any compact K (zaj\ dO., uniformly in ^ e 2t. 

We may assume that p >2. Multiplying (7.6) by t]P~^ and using Step 1, 
Holder's inequality and (7.7) we find that, for small e, we have 

±- [r^P<l- [ p{l + p)r^P 



4e^ 



£2 



= [ p|V(^lV-^+ [ rj^-^^^-ip-1) [ r^P-'m' 

Jo) Jdci)\dQ, OV 

Jw Jda)\dQ "'V yJoj I 
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(7.9) 



and thus 

\\r]E,g\\LP(o,)<Cpe'^, Ve<£o, V^g21, Vp<cx). (7.8) 

Inserting (7.8) into (7.6), we find that At? is bounded in L^io)), < oo. By 
standard elhptic estimates, we find that rj (and thus p) is bounded in W^'^(a>), 
y p < oo. We conclude via the compact embedding W^'P ^ W^'^ and the fact 
that, by Lemma 6.4, we have p 1 uniformly in w. 

Step 3. For every 7 < 1, we have y/e^g ifr^ g in C-'^'^(w) as £ ^ 0, uniformly in 

Indeed, xf/^^g - y/^^^g satisfies 

2 

^(H'e,g - y^*,g) = ^Pe,g • V(0g + V^e,g) in (x) 

P£,g 

y^e,g-y^*,g = on 5n ' 

y/i:g-y/:fg^OinC^ ond(i)\dD, 

the latter convergence being uniform in g. By Steps 1 and 2, we have 

\\^(f£,g - f*,g)\\LP{w) ^0 as £ ^ 0, uniformly in g. 

Using (7.9), we find that if/e^g - y/*^g ^ in W^'^(a)). We conclude via the em- 
bedding W'^'P{w) ^ C^'^iw), vahd when p > 2 and 7 = 1 - 2/p. 

Step 4. Conclusion. 
We have 

T {g)^u A ^"^'^ = ^^^'g = ^ + ^^^'g 
^ ^'^ dv dv dv dv 

dOg df^g 

and similarly TAg) = 1 '—■ Using Step 3, we find that 

dv dv 

diWr ff — 'W* a) 

T,{g)-TAg) = - in C^idQ) as e - 0, uniformly in ^ e St.D 

dv 



8 Existence of critical points in nondegenerate 
domains 

Before stating the main result of this section, let us recall the definition (5.15) 
of the operator t/* in Section 5. Given a° a nondegenerate critical point of 
Wi-,g), we first define, in a C^'^ neighborhood of g, the operator T* = „o g. 
Then U* is defined in a neighborhood ^ of the origin in C^'HdO.;U) by 

UAyf) = U^^^o^giy/) = n(^e^^) = T^^^ojge'n 

We still denote by the induced map : ^ CHdn;U), and recall that 
t/* is smooth. 
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8.1 Theorem. Let di,...,dk £ {-1,1} and set d := di + . . . + dk- 

Let D, be a bounded simply connected C^'^ domain satisfying the two fol- 
lowing nondegeneracy conditions: 

(NDl) There exists a^ e such that a" is a nondegenerate critical point of 
Wi-,g'^) = W^i-,di,...,dk,g'^), with g'^ = g" the canonical boundary data 
associated with a^ and di,...,dk- 

(ND2) The corresponding operator U^^a°,gO '■ ^/"^ ~^ C^(dD.;U.) is a local diffeo- 
morphism at the origin, i.e., the differential 

DU^m : C^'^(aO;K)/K C^idn;m 

is invertible. 

Then there exists eq > such that, for e e (0,£:o), there exists Us e Sd a critical 
point of Eg with prescribed degree d. 

8.2 Remark. It will be clear from the proof of Theorem 8.1 that the nonde- 
generacy condition (ND2) can actually be replaced by the following weaker 
condition: 

(ND2') ?7* is a local homeomorphism near the origin. 

However in what follows it will be more convenient for us to consider the 
condition (ND2). The main reason for this is that (ND2) is stable under small 
perturbation of the domain, while it is not clear that (ND2') is stable. 

8.3 Remark. We connect here the hypothesis (ND2) in Theorem 8.1 to the 
hypothesis (ND2) presented in the introduction. As we will see in Section 11,^ 
DU^iO) is a Fredholm operator of index zero. Thus the above hypothesis (ND2) 
is equivalent to the fact that DU*iO) is onto. Is it not difficult to see (but will 
not be needed in what follows) that the surjectivity of DUAO) is equivalent to 
the hypothesis (ND2) in the introduction, and that the index of the operator L 
that appears in the introduction is indL = indZ)i7*(0) +1 = 1. 

Proof of Theorem 8.1. Since Q satisfies (NDl), the results of Section 6 and 7 
apply. We consider, as in Section 7, the operators 

:2t-c^(an;K) 

and 

t/* :M^C^(5n;K), 

where ^ = {g e C^'Hn,S^); \\g-g°\\ < 5} and 03 = {i^ e C^'Hdn;U); \\^f\\ < S}. 
Here, 6 and e are sufficiently small. We note that Tg takes its values in 
CHdn;U). Indeed, u — Ug g satisfies 

du f f f \uf-l 

uA — = / div(uAVi/)= / uaAu= / 5 UAU-0. 

an dv Jq Jq Jq 



•'In the special case where d = 1 and k -1, but the arguments there adapt to the general 
case. 
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By Lemma 6.5, we may also consider the induced operators 



By definition of the canonical boundary datum, it holds 



C7*(0) = U^^a°,g° ^ 




0. 



(8.1) 



Thanks to (ND2), by considering a smaller S if necessary, we may assume that 
t/* is a homeomorphism onto its image. By (8.1), there exists some 77 > such 
that 



Recall the result of Proposition 7.1: for sufficiently small £, Ue-U^ is compact 
and we have 



Using (8.2), (8.3) and standard properties of the Leray-Schauder degree, we 
find that 



for sufficiently small e. Indeed, the argument goes as follows. We start from 

Uemm = [id+iu,-u,)o iu, mm) ^[id+{Ue-u,)o u;'^] (Br^). (8.5) 

Here, Id denotes the identity map in 

LetLe := (C/£-?7*)oC/;i. ThenL^ ^ CHdQiR) is compact and, by (8.3), 
there exists £o > such that 

sup{\\Leiy/)\\cP(dny^V/^B^}<T]/2, VeG(0,£o). (8.6) 

We complete the proof of (8.4) by showing that 5^/2 c (Id+LeXBrj) for e e (0,eo)- 
For this purpose, we let xf/Q e Brj/2 and consider the compact operator T -.Br^ ^ 
CP(dn;m, Ti-iff) ■.= Leiy/)-y/o- We claim that 

{Id + sT){y/)7^0, yse[0,liyy/edB^. (8.7) 

Indeed, (8.7) is obtained by contradiction. Otherwise, using (8.6), we obtain, 
for some ifr such that Wy^WcPidO.) = ^• 

T]/2<T]-s\\Lsiy/)\\cP^g^) < ||i/A + sLe(i//)||c/3(an) = \\sif/o\\cP(dn)<V^^- 

By (8.7), the Leray-Schauder degree deg(Id + sT, 5^,0) is well defined. By 
homotopy invariance, we find that 

degdd + sT,B^,0) = deg(Id,B^, 0) = 1. 




(8.2) 



limsup{||C7e(i//) - UUv/JWcHdny^ ii/e^} = 0. 



(8.3) 




(8.4) 
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As a consequence, the equation (Id+T)(i//) = admits at least a solution y/ eBrj. 
This y/ satisfies (Id + L^Xy/) - y/Q. The proof of (8.4) is complete. 

Let E e (0,eo)- Then, by (8.4), there exists some y/ such that Ueiyr) = 
0. Let g = g^e^"^ . Then = u^^g £ (fd is a solution of the Ginzburg-Landau 
equation, and it satisfies the semi-stiff boundary condition 

dUr 

Ue/\ - = Teig) = Ueiy/) = On d^. 

dv 

Therefore, Ue is a critical point of with prescribed degree d. □ 



9 Nondegeneracy of domains is stable 

In this section we show that, if a domain D.q satisfies the nondegeneracy condi- 
tions (ND1)-(ND2) required in Theorem 8.1, then a slightly perturbed domain 
O « Oq still satisfies these nondegeneracy conditions. 

9.1 Theorem. Assume that D.o satisfies (ND1)-(ND2). Fix a conformal repre- 
sentation [q-.B ^ Oq. There exists 5 > such that, for every holomorphic map 
f e C^''^(D) satisfying ll/" - /ollci./3 < the domain D. :- /(D) satisfies (NDl)- 
(ND2). 

Proof Let Vp be as in (5.4). We let g^ e C^'Hs^;S^)/S^ denote the canonical 
boundary datum associated with a° := f^^ia'^), so that ^ = g'" o /"g. 

Since do satisfies (NDl), we know from Proposition 5.3 that there exist: 
a neighborhood Yi of fo in Vp, a neighborhood 7^ of the origin in C^'^(S^;[R), 
and a smooth map a : 71 x 7^ ^ D^, such that the following holds. For /" £ 7i 
and y/ e 7^2, let O. = fiU) and g = {g^e'l')o f-'^ . Then a{f,yf) := f [a{f ,yj)) is a 
nondegenerate critical point of W^(-,^). 

By the above, we may define, as in (5.13), the smooth operator f/* = 

U*,a(ffi),g°of-^, 

U.,f{y/) = N^[a(f,yfof),{fof-^)e'f] for small g C^'^(an;W. (9.1) 

The spaces between which ?7* /• is defined vary with f . In order to deal with 
fixed spaces, we consider the linear isomorphisms 

0^ : C^(an;K) ^ C^{§^;m,y/--\f'W°f, (9.2) 
E/- : C^'f^{d^;Um ^ C^'^(S^ ; UM, y/^yjof, (9.3) 

and we let 

Uif,yr) = @foU,joE-\y,) for (Z",!/.) G 7i x (73/^), (9.4) 

so that f/* /■ is a local diffeomorphism if and only if Uif, •) is a local diffeomor- 
phism. 
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Moreover, if we express A'^^ using (3.7), then we obtain 

Uif,^) = N^iaif,f),goe'n (9.5) 

By combining (9.5) with the exphcit formula (4.5) for N^, we find that U : 
7i X (72/K) ^ C^(Si;K) is smooth. 

On the other hand, using the definition (2.16) of the canonical boundary 
datum, we have 

U*,a,g'' A — = — = — — - 0, 

so that Uifo,0) = 0. 

Moreover, since Qq satisfies (ND2), U{fo,-) is a local diffeomorphism near 
the origin, i.e., D^,U(f o,0) is invertible. By the implicit function theorem, 
possibly after shrinking 7i, for every f cTi there exists if/if) £ 7^ such that 

U[fMn] = 0. (9.6) 

In addition, the map f ^ fif) is smooth and we can assume that Dy^Uif ,ii/if)) 
is invertible. 

Let /■ G 7i and set D := /"(P). We claim that D. satisfies (ND1)-(ND2). As- 
suming the claim proved for the moment, we complete the proof of Theorem 
9.1 by taking any 6 >0 such that 

{feXp;\\f-fo\\ci,P<d}czy^. 

We next turn to the proof of the claim. Let (^oe'^^^^)o/-i ^ C^'Pidn;S^), 
and an ■= a(f,y/if)) £ H^. By the definition (9.6) of y/if) and the definition 
(9.4) of ?7, we obtain 

U,,fiy/{f)of-^) = 0. (9.7) 

By combining (9.7) with the definition (9.1) of t/* /■, we find that 

Ar"(an,^n) = u.,an,gn a ^^^^ = = 0. (9.8) 

The normalization condition in (2.5) combined with (9.8) implies that ^an,ga ~ 
on dD,, and thus 

^an,gn^^an- (9-9) 

In turn, (9.9) implies that go, = g"'^ is the canonical boundary data associated 
with an. Since, by definition of the map {f,y/)^ aif,y/), the configuration 
is a nondegenerate critical point of W(-,^n), we find that the nondegeneracy 
condition (NDl) is satisfied by C 

On the other hand, since Dy^U(f,'i(/{f)) is invertible, ?7* /■ is a local diffeo- 
morphism near y/{f)of~^, which means that C/*,an,^n ^ local diffeomorphism 
near the origin. We find that Q. satisfies (ND2). 

The proof of Theorem 9.1 is complete. □ 



33 



10 The radial configuration is nondegenerate 

In this section we let d = 1, k = 1, di = 1, and prove that the unit disc D 
satisfies (ND1)-(ND2). As a consequence, domains close to the unit disc satisfy 
the nondegeneracy conditions when d = 1, k = 1, di = 1. 

10.1 Proposition. Assume O. = B, k = 1, d = 1. Then a = is a nondegenerate 
critical point ofW{-,g^), and DU^ Q goiO) is invertible. 

Proof. Step 1. is a nondegenerate critical point ofW(-,g^). 
Indeed, by combining (2.25) and (4.1), we easily obtain that the canonical 
boundary datum g'^ : ^ corresponding to a = is given by g^(z) = z. 
From (4.10) we know that 



W(a,/) = W(a) + ^ [ J 

On the other hand, (4.16) leads to 

^ , , a(ax - 1) 
Vy,* o(x) = -2 _ VxGl 
"■'S ll-axr 



(10.1) 



(10.2) 



and therefore 



Vy/* 



2\a\ 



dx 
|l-ax|2' 



(10.3) 



Thanks to the \a\^ factor, if we differentiate (10.3) with respect to a, and next 
let a = 0, we obtain 



0. 



(10.4) 



a=0 



If we differentiate twice (10.3) with respect to a, and next let a = 0, then we 
are left with only one non zero term (thanks to the \a\^ factor again). More 
specifically, we obtain 



V 



a=0 



dx 



a=0 



\l-ax\^ 

By combining (10.1) with (10.4) and (10.5), we find that 

VaW(o,/) = vw(0), w(o,/) = y^wio) + 471/2. 



/2 = 4 / dxl2 = 4:nh. (10.5) 



(10.6) 



We next compute VW(0) and V'^WiO). When k^l and d = 1, formula (4.2) 
reads 



W(a) = 7r log (l-|a|^), Vael 



(10.7) 
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Identifying the complex number a with a vector in K^, the two first derivatives 
of W are respectively given by: 

VW(a) = a e (10.8) 

lar - 1 



V^W(a)= ^" I2 — ^a^aeMaW. (10.9) 



27T An 



a|2-l 



[\a\^-iy 



In particular, we obtain VW(0) = and V^W(O) = -2nl2- Plugging this into 
(10.6) yields 

VoW(0,/) = 0, V^W(0,/) = 271/2, (10.10) 

so that a = is indeed a nondegenerate critical point of W{-,g^). 

Step 2. DUAO) is invertible. 

In our case, formula (4.5) becomes 

Ma,A-«') = f^-2^. (10.11) 
Therefore 

UAV^) = -^- 2 (10.12) 

where if/ ^ aiy/) is smooth, a(0) = and aiif/) is a nondegenerate critical point 
of W(-,A'^). 

Using (10.12) together with the fact that a(0) = 0, we obtain that 
DU ^(0)y/ = — -2iDaiO)y/) A z. (10.13) 

OT 

In (10.13), If/ is either a function in C^''^(S^;i?), or a class in C^''^(S^;[R)/[R. Thus 
the linear operator Dt/*(0) : C^'^(S^K)/K ^ C^(S^;K) can be written DU^{0) = 
L-K, where 

L(w):=^ and K{y/):=2iDa{0)w) A z, Vi/a g C^As^K)M. 

OT 

The operator L is an isomorphism, and K is compact since it has finite range. 
As a consequence, DU*{0) is Fredholm of index zero and, in order to complete 
Step 2, it suffices to prove that DUAO) is injective. For this purpose, we com- 
pute DaiO) using the implicit equation 

Fiaiy/),iif) := V„W(a(v^),/e^^) = (10.14) 

satisfied by a. By differentiating (10.14) with respect to y/ we obtain (via 
(10.10)) 

DaiO)i(f = -VlW(0,g^)Dy,FiO,0)i(f = -2nl2Dy,FiO,0)i(f. (10.15) 
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Let us compute Z)«,F(0,0). Recalling (4.3), we find that 



Fia,ii/)=VW{a) + Va 
=VWia) + Va 



Viz/* 



(10.16) 



The two first terms do not depend on y/, and the last term depends linearly on 
y/. Hence we obtain 



Dy,F(a,0)f = V, 



D 



a,g 



(10.17) 



Integrating by parts, using the explicit formula (4.16) for y/* q, and the fact 
that 

^= f ^ = 
1 dv Jsi 5t 



we find that 

V<^o-Vv/--2|^^log|l-a.|^. 

If we first plug (10.18) into (10.17) and next let a-0, then we obtain 

dy/* 



Dy,FiO,0)y/ = 2 / z 



1 dv 



and finally 



, dyf* 
DaiO)y/ = -4n / z — 

§1 dv 



(10.18) 



(10.19) 



(10.20) 



We are now in position to prove that DU^,{0) is injective. Let y/ e kerZ)t/*(0). 
Then we have 



dy/* 



dT 



= 2iDa{0)y/) Az = aAz, 



where 



f dy/* 
a = -Stt / z—^ e C. 
Jsi dv 

Since y/* is harmonic and has zero average on S-*^, we may write 



inO 



(10.21) 



(10.22) 



(10.23) 



Hence (10.21) yields 



a 



a 



2i 2i 



dy/' 



(10.24) 
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Identifying the Fourier coefficients, we obtain 



a 



a 



a„ = for \n\ > 1, ai 



2' 




(10.25) 



so that (10.23) becomes 




a 



(10.26) 



By (10.26), we have 
f dw* 1 

/ z— = — / e'^^iae'^ + ae~'^)de = -na. (10.27) 
J si dv 2 Jo 

Plugging (10.27) into (10.22) we obtain a = 8n^a, so that a = and conse- 
quently !(/* = 0. Therefore, we have y/ = modulo U, and thus DUAO) is in- 



10.2 Corollary. If a domain Q is sufficiently close to the unit disc, in the 
sense that there exists a conformal representation / : ^ H such that \\f - 
Id||(7i,/3 < 5 for sufficiently small 6, then, for small e, admits critical points 
with prescribed degree one. 



11 In degree one, "most" of the domains are non 
degenerate 



In this section, we assume that k = 1 and d = 1, and we prove that every 
domain can be approximated with domains satisfying the nondegeneracy con- 
ditions (ND1)-(ND2). More specifically, we establish the following result. 

11.1 Theorem. Assume that k = 1 and d = 1. Let <= [R^ 6e a simply con- 
nected bounded domain with C^'^ boundary, and fix a conformal representa- 
tion /"o : D ^ D,Q. 

Then, for every t] > 0, there exists a conformal representation f : B ^ D, 
f(B) such that \\fo - f\\Qi,p < t] and such that the corresponding domain O sat- 



The main idea of the proof of Theorem 11.1 is to use transversality. Among 
other ingredients, we will rely on the following abstract transversality result 
[16, Theorem 3]. 

11.2 Theorem. Let X, A, Y be smooth separable Banach manifolds. Let O : 
X X A^Y be a smooth map. 
Assume that: 

1. for every A G A, Oa ^'(•, X):X — Y is Fredholm."^ 

2. O is transverse to {0}, i.e., for every {x, X) such that 0(x, A) = 0, the differential 
Z)0(x, A) is onto. 

Then the set {A; is transverse to {0}} is dense in A. 

*That is, the linearized operator Dx,^{x,\) is Fredholm for every x and every A. 



vertible. 



□ 



isfies (ND1)-(ND2). 
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Note that, if X and Y are finite dimensional, then condition 1. is automat- 
ically satisfied. 

Another ingredient of the proof is the following fact, which relates non 
degenerate critical points of W to non degenerate critical points of 

11.3 Proposition. Assume that k = 1 and d = 1. Let ao eQ. be a non degener- 
ate critical point ofW^. Then cq is a non degenerate critical point ofWi-,g"'°). 

Proof. Let us first remark that ao is automatically a critical point of 
Indeed, using (2.24), in which each term is smooth thanks to the formulas in 
Sections 3 and 4, and the fact that (by definition) we have fa,g'' = 0, we find 
that 

VaWia,g)\g=ga = VWia). (11.1) 

It remains to prove that ao is non degenerate as a critical point of W^(-,^"°). 
Let /" : D ^ 11 be a conformal representation and set ao := f~^(ao). Then 
/(O) = ao, where 



fiz) = f 



' Z + Uq 
1 + 00 2 



Therefore, by replacing f with f, we may actually assume that f{0) = ao- In 
view of (3.5) and of the fact that, in the unit disc, we have g^ = Id, we obtain 

^"°o/" = / = Id. (11.2) 

Recall that, by Lemmas 3.1 and 4.1 and by (4.2) we have 

W^if{a)) = W^{a) + Pia,f), (11.3) 
W^ifiaXg"') = W^(a,/) + P(a, A (11-4) 

where 

W^{a) = nlogil-\a\\ Pia,f) := n\og\f'ia)\ (11.5) 

and 

W"ia,g°) is given by (4.3) with y/ = 0. (11.6) 

By (11.3)-(11.6) and the discussion at the beginning of the proof of Proposi- 
tion 5.1, the assumption that ao is a non degenerate critical point of is 
equivalent to the fact that is a non degenerate critical point of +P{-,f). 
Similarly, the desired conclusion (that ao is a nondegenerate critical point of 
W"(-,^«°)) is equivalent to the fact that is non degenerate as a critical point 

0fW%,g^) + Pi;f). 



^This is not specific to the case where k-1 and d = l, but holds for arbitrary k and degrees 

djJ ell,kl 
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Since 



V [W« +P(., /)] (a) = + nQ£ e C 

l-|a|2 f'(a) 



(11.7) 



and since is a critical point of W"^ +P{-,f), we have f"(0) = 0. 

In order to calculate the Hessian of P{-,f) at the origin, we find the second 
order Taylor expansion of P(-,/"): 



P{a,f) = TTlog f'iO) + f^^\0)a^ + oi\a\^) 



7rlog|/-'(0)| + -log 



:P(0,/-) + -log 



l + 2Re 



Tl 



=m/-)+2 



2 Re 



/■'(O) 



(11.8) 



= P{0,f) + n\^^^W[-a + o{\a\^). 
\ f'iO) j 

In the last equality, z ■ w stands for the real scalar product of the complex 
numbers z and w (identified with vectors in U^). As a consequence, we have 



v2p(0,/-) = 7rM^(3,(o)/^,(0), 



(11.9) 



where, for a complex number z eC, denotes the matrix corresponding to 
the IR-linear map 



I.e., 



Re z 
-Im 2 



Im z 
Re z 



Recall that, from (10.9) and (10.10), it holds 

V^W^iO) = -2nl2 and V^W(0,/) = 27r/2. 
By combining (11.9) with (11.10), we obtain 

V2 [W+Pi;n] (0) = 7rM^,3,(o)/^,(0) - 2^/2, 

y2 [w"(-,/) + P(-,/-)] (0) = 7rM^(3,(o)/^,(o) + 2nl2. 



(11.10) 



(11.11) 
(11.12) 
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We claim that the two Hessian matrices (11.11) and (11.12) have the same 
determinant. In fact, for every z eC, we have 



det(M2-2/2) 



Rez-2 -Imz 
-Imz -Rez-2 

2 + Res; -Imz 
-Imz 2-Re2 



(2 - Re2)(Re2 + 2) - (Imzr 



det(2/2 + M2). 



The Hessian matrix in (11.11) being non degenerate by assumption, so is the 
Hessian in (11.12). Therefore is a non degenerate critical point ofW^(-,g^) + 
P{-,f), which means that ao is a non degenerate critical point of W^(-,^°°). □ 

Before proceeding to the proof of Theorem 11.1, we introduce some nota- 
tion. For a e P and f e Vp, let 



F{a,f) = Va [W^a) + 7rlogl/"(a)|] 



(11.13) 



so that F : D X ^ [R^ is smooth (thanks to the computations in Lemma 5.2), 
and, by Lemma 3.1, a point a - fia) g Q = /(D) is a non degenerate critical 
point of if and only if a is a non degenerate zero of Fi-,f). 

Similarly, ^ C^'Hs^;S^) being fixed, we define, for a g D, f e Vp and 



Fia,iff,f) = ya [W''{a,goe''f) + nlog\f'{a)\] , 



(11.14) 



so thatF : PxC^'^(S^;[R)x V/3 [R^ is smooth. By Lemma 3.1 and the discussion 
at the beginning of the proof of Proposition 5.1, a point a = f(a) eD, = /(D) is 
a non degenerate critical point of W^i- ,igoe'^^) o f~^) if and only if a is a non 
degenerate zero of F(-,x(/,f). 
Using (4.3), we may split 



F{a,n^Fiia) + F2ia,n 



and 



Fia,y/,f)^Fiia) + F2ia,f) + F3ia,ii/), 
where the smooth maps Fi, F2 and F3 are respectively given by 
Fi(a) = VW"(a), 



F2ia,n = Va[nlog\f'ia)\] = nQ£ eC 



F3{a,'lf/) = Va 



fia) 
2 



(11.15) 

(11.16) 

(11.17) 
(11.18) 

(11.19) 
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Proof of Theorem 11.1. The proof is divided into two steps. In each step we 
apply the abstract transversahty result (Theorem 11.2) in order to prove that 
a certain nondegeneracy is generic. 

Step 1. We may assume that has a non degenerate critical point ao g Hq. 
Indeed, we claim that F is transverse to {0}. This will follow if we prove that 
DfFia,f) is surjective for every (a,f). In turn, surjectivity is established as 
follows. For every h e we have 



f'{a)h"{a)-f"{a)h'{a) 
DfF{a,f)-h=DfF2{a,f)-h = n ' ' eC^ R^. (11.20) 

f'ia) 

If f'ia) ^ 0, then the choice h(z) - -Xz (with A £ C arbitrary constant) leads to 



/■"(a)- 
TT. X G rangeDfF{a,f), 
f'ia) 



so DfFia,f) is surjective. li f'ia) = 0, then we take hiz) = Xz and obtain 

2ti - 

X e rangeDfFia,f), 



f'ia) 



and thus the claim is proved. 

Therefore we can apply the transversahty theorem: we can choose f ar- 
bitrarily close to fo, such that Fi-,f) is transverse to {0}. Thus, by slightly 
perturbing fo, we may actually assume that Fi-,fQ) is transverse to {0}. 

Since 



W^%foia)) = W^ia) + TTlog |/-^(a)| 



;rlog(l-|a|2) + 7rlog|^(a)| 



(11.21) 



-oo as a 



there exists some ao g n, such that W^iao) = maxQo W^. Hence ao is a critical 
point of W^°, which is equivalent to the fact that ao := fQ^iao) is a zero of 
Fi-,fo). Since the map Fi-,fo) is transverse to {0}, its differential is surjective 
at ao. Therefore, ao is a non degenerate zero of F(-,/b), which means that ao 
is a non degenerate critical point of . The proof of Step 1 is complete. 

Step 2. There exists f arbitrarily close to fo, such that O. = /"(D) satisfies 
(ND1)-(ND2). 

Thanks to Step 1 and Proposition 11.3, possibly after slightly perturbing fo, 
we may assume that there exists some ao = foiao) £ O.o, which is a non degen- 
erate critical point of both and W^°i-,go) (with ^o = ^°°)- 

Since Fiao,fo) = 0, and since D aFiao,fo) is invertible, we can apply the 
implicit function theorem to F. There exists an open neighborhood 7^ of fo in 
V^, and a smooth function a : 7i ^ D, such that, for every /" £ 71 and for every 
a sufficiently close to ao, we have 

Fia,f) = Q^a = aif). (11.22) 
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By Proposition 5.3 and by the invertibiHty of DaFiao,fo), we may choose the 
open neighborhood Ti such that, for every f e Yi, the point a = a{f) = f(a(f)) e 
n = /"(P) is doubly non degenerate, that is: non degenerate as a critical point 
of and non degenerate as a critical point of In particular, every 

domain n = /(O), with f e Yi, satisfies (NDl). 

Again by the second nondegeneracy property of every / £ 71 , we may con- 
sider the map U^:^a,g°-, defined as in (5.15), and corresponding to a = a{f). In 
order to complete Step 2, we have to find some f arbitrarily close to /b, such 
that the map U*^a,g°- is a local diffeomorphism at the origin. To this end we 
will again rely on the transversality theorem. More specifically, we define, 
exactly as in formula (9.4) in the proof of Theorem 9.1, the smooth map 

f/:>i xy2/K^C%^K). (11.23) 



Recall that Ti is an open neighborhood of fo in Vp, that ^2 is an open neigh- 
borhood of the origin in C^'^(S^;K), and that 

U{f,^ij) = N^{a{nf,f),goe''l') yif,iif}ey^xy2M. (11.24) 

Here, a is the smooth implicit solution of 

Fia{yf,f),yr,f) = (11.25) 

obtained in Proposition 5.1. We recall the following fact established in the 
proof of Theorem 9.1: the map t^*,a(/'),§°</^> i^ ^ local diffeomorphism at the 
origin if and only if t/(/", •) is a local diffeomorphism at -if/a{f),gQ ■ 

Recalling the formula (4.5) for A^"^, we obtain the following explicit formula 
fori/: 

dy/* anAz aiii/,f)Az 
Uif,iff) =-^ + 2 - 2 „„2 - (11-26) 

Hence, for every (/", i//) g 7^ x 7^/[R, we have 

Dy,U(f,y/)-(=—-2— ^ 

iz-aiy/,f))-[Dy,aiy/,f)-() 

-4 ■ ^ a(v^,/)A2. 

\z-aiii/,f)\^ 

In particular Dy,Uif,y/) is a Fredholm operator of index zero, since it can be 
written as L-K, where 

L:C^'^S^K)/K-C%^;K), — 

dr 

is invertible and K has finite range. Hence U{f,-) is a smooth Fredholm map 
for every /" £ 71. 
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We want to apply the transversality theorem to U. We already know that 
assumption 1. of the transverality theorem is satisfied. It remains to check 
that U is transverse to 0. To this end we compute the differential of U at some 
point if,y/), using (11.26): 

T^Tur ^ ri. r^ jDaiVf,n-(h,0] Az 

DUif,yf) .{h,0= — - 2 ■ ^ 

dj \z-a{'iif,f)\^ (1127) 

{z-a{^i;,f))-[Da{^,f)-{h,0]^, 
-4 ■ ^ a{^f,f)Az. 

Let us show that DU{f is onto. Let ^ £ C^(S"'^;IR). Then there exists some 
C e C^'^(S^;K)/K such that 

dC 

-z- = 'V. (11.28) 
We claim that there exists h = h( £ such that 

Da{yj,f)-{hi;,O = 0. (11.29) 
Then, plugging (11.29) and (11.28) into (11.27), we obtain 

DU{f,yj)-{hi;,0 = '^, 

and thus DU{f onto. 

In order to complete Step 2, it remains to prove the existence of h(. From 
the implicit equation (11.25) satisfied by a, we obtain 

Daiy/,f)-ih,0 

1 , , (11.30) 

= -DaFiaiyr, f), y/, f)'^ [DfFiaiy/, f), yf,f)-h+ D^Fiaiy/, f), ^, /)•(]. 

Since DfF(a,if/,f) = DfF(a,f) is surjective (by Step 1), we may clearly choose 
h( such that (11.30) holds. 

Therefore we can apply the transversality theorem to U: the set of f such 
that U(f,-) is transverse to {0} is dense. 

Let 77 > 0. We can choose f e Yi, such that \\f - fo\\(ji,p < t], and U{f ,•) 
is transverse to {0}. In particular, the differential of U(f,-) at -y/ai/Xgo is 
onto, which implies that the differential is invertible (since it is a zero in- 
dex Fredholm operator). Hence U(-,f) is a local diffeomorphism at -faif),go, 
which is equivalent to U^^^^p^gain being a local diffeomorphism at the origin, 
i.e. n = fm satisfies (ND2). ' 

Step 2 and the proof of Theorem 11.1 are complete. □ 

11.4 Remark. In Theorem 11.1 we have established that nondegeneracy of 
the domain is generic in the case of prescribed degree d = l. Some, but not all, 
of the ingredients of our proof can be generalized to arbitrary d. For example, 
it is possible to adapt our arguments and obtain the transversality of F to 
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when d is arbitrary. However, this does not lead to the conclusion that (NDl) 
is generically true. The reason is that when d ^ ±1, we cannot rely on (11.21) 
anymore, and we actually do not know whether does have critical points. 
A similar difficulty occurs in Step 2. Indeed, the first ingredient in Step 2 is 
Proposition 11.3, yielding the existence of a non degenerate critical point ao 
of Clearly, our proof of Proposition 11.3 is specific to the case d ~1. 

However, it is plausible the the transversality arguments extend to an 
arbitrary degree d, and thus the main difficulty arises in the existence of 
critical points ofW^. It would be interesting to investigate, e.g. by topological 
methods in the spirit of [1], whether such points do exist. 

Appendix 

The following is a C^'^ variant of [7, Lemmas Al, A2]. 

11.5 Lemma. Let G cU"' be a bounded open set of class C^'^. Assume that 

1^" =f '""^ . (11.31) 

[ W = (p on OLr 

Then 

suplVw;! <c[\\f\\}^l [\\wf/l + Wcpf/l^QG)] + WvWc^'HdG)) ' (11-32) 

G 

\Vw\o,p,G ^ C[\\f\\]^i^^'''[\\w\\]^i-f^'^ + IMlI'^Sg^) + mc^.HdG)) , (11-33) 



for a constant C depending only on G. In addition, when G = D.„, where o"i < 
o" < o"2 and ui, a2 are fixed small numbers, we may take C independent of a. 



Proof. We write w = u + v, where 

f Am =0 inG 
I u = q) on dG ' 



(11.34) 



and 



At; =f inG 
V =0 on aG 



(11.35) 



By standard elliptic estimates [12, Theorem 8.33] we have 

||u||cM<c||(/>|lcM. (11.36) 

Therefore we only need to prove that v satisfies the estimates 

sup|Vi;|<C||/-||],{|||i;||i''l, (11.37) 
G 

\Vv\o,p,G < C\\f\\]^i^^'^\\v\\]^l-'^'\ (11.38) 
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Estimate (11.37) is proved in [7, Lemma A.2] by combining an interior es- 
timate with a boundary estimate. Estimate (11.38) can be obtained follow- 
ing exactly the same lines. In order to see this, we detail for example the 
proof of the interior estimate corresponding to (11.38). Proceeding as in [7, 
Lemma A.l], we first show that 

\yv\o,p,G,<c\^\\f\\]^i^^'^\\v\\]^i-^'^ + -^^^^^^^ (11.39) 

where, for d>0, we let Gd '■= {x e G; dist(x,5G) > d}. In order to prove (11.39), 
we let xq e Gd and A g (0, d], and define 

vxiy):=v{xo + Xy), yeBiiO). (11.40) 
Then the function vx satisfies the equation 

Ai;a = fx in fii(O), with fxiy) := X'^fixo + Xy). (11.41) 
Standard elliptic estimates [12, Theorem 8.33] yield 

A^+'^|Vi;|o,^,B^/2(xo) = |Vi;aIo,;6,Bi/2(0) ^ Ci\\vx\\Lco + \\fx\\L^) 



(11.42) 



<C(||i;||lc. + A^||/-||loo). 

We next discuss the two following cases. 

Casel.^^^d^ 
Wfh^ 

In this case, we apply (11.42) with A = (Ik We find that 

|Vf;|o,/3,BA/2(xo) ^ ^CWvfj^i-'^'^Wffj^l^^'^ (11.43) 

so that (11.39) is satisfied. 
Case 2. ^^-^ > 



(11.44) 



IIL°° 

In this case, we apply (11.42) with A = d. We obtain 

I Vi; lo,/3,fi,/2Uo) ^ C [d-^-l^ II i; IIlcx, + d^"^ || f 
<c[d-^-f^\\v\\L^ + \\v\ 



l/2-jS/2|| ^|,l/2+/3/2 



so that in both cases (11.39) is satisfied. 

Once (11.39) is established, we easily obtain the interior estimate corre- 
sponding to (11.38). Indeed, standard elliptic estimates [12, Theorem 3.7] 
imply ||i;||l«= ^ C||/'||lcx), so that from (11.39) we obtain 

|Vz;|o,/3.if <C||/-||J,(!^^^'||i;||J_^l"^^', (11.45) 

for every compact set K <^G. 

The proof of the boundary version of (11.45) is also a straightforward adap- 
tation of the corresponding estimate established in [7, proof of Lemma A.2], 
and we omit it here. □ 
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